%.
Under (a), (b), (c) there follows immediately the equality y -
Hence by the cumulative damage rule we determine the fraction of damage accrued during one cycle and use Its reciprocal to estimate the total life. In practice N. are determined from available S-N data and *^mmmmkäimiiäM «afiww^»^ ■MMMMMM the n are calculated from a typical spectrum of loading during the cycle and then we use (2.5) to estimate N.
The assumptions underlying this traditional derivation of Miner's rule are strictly speaking not verifiable and the conclusion derived, namely the deterministic formulation of the rule, is acceptable only as a first approximation.
The following comments about assumptions (a), (b) and (c) make this point more specific.
Firstly the vague concept of "damage" is in need of re-interpretation in the light of modern fractography. Secondly, instead of assuming, as in (a) that constant repetition of the same load i, on each oscillation should contribute exactly the same amount w. of "damage", it would appear more plausible to make the assumption that the "damage" caused in any single oscillation might vary from one oscillation to the other and depend upon factors other than the load at that oscillation. Similarly instead of (b) one would prefer to assume that the quantity W, the total "damage" at failure might also be a random variable which can assume different values for different specimens of the material. Finally, assumption (c) that the "damage" accruing in the j oscillation is linearly additive to the "damages" sustained in the preceding oscillations appears also to be in need of re-interpretation and it would be desirable to modify it.
In the next section these assumptions are modified in the sense We assume that fatigue failure is due to the growth and ultimate extension of a dominant crack. At each oscillation of the imposed stress this crack is extended by some amount which is a random function, due to the variation in the material and to the influence of environment, of the magnitude of the imposed stress as well as the geometry of the specimen.
The extension of the crack at each oscillation is therefore a non-negative random variable whose distribution may depend upon several parameters the nature of which we do not specify now.
Let iL,^,... be the sequence of loads which are to be applied at each oscillation so that at the i oscillation load i, is imposed.
We suppose that the loading is oyalia in the sense that for some m > 1 and all i«l,... ,m and Vi = ^km+l for a11 J * k -
Hence the (j+l)st cycle is the loading (£. .,...,£, ) and the total damage, in the sense of extension of the crack, during the cycle of loads is for j=0,l,2,...
where X is the microscopic crack extension due to load i, applied in the i oscillation of the (j+l)st cycle. We now set
as the total crack length at the end of n cycles. Perhaps assumption 2° can be made more plausible by the following argument: Consider molecular bonds holding at the tip of the crack within
the plastic zone of the metal. The stress due to the load should attenuate away from the crack tip. It is reasonable that for a given stress the probability of the successive rupture of each molecular bond given the preceding one has ruptured must decrease since the stress is relieved. But it follows that this is equivalent with the random number of bonds broken during each oscillation being IFR. This assertion is made explicit in Section A of the appendix.
If W is the total crack length at which failure occurs, the number of such cycles until failure is the integer valued random variable N defined by the event
Note that failure as we have used it may mean anything from "catastrophic rupture" to "the crack is of such a length that it is inspectable". For this and other reasons one might consider the crack length W which is defined as failure to be a random variable with a given distribution function G. Now we make our last adsumption:
3° The crack length W is statistically independent of the crack length S for all n=l,2,... . This means simply that knowing the length w at which failure will take place has no influence upon the behavior of the crack growth.
The conditional distribution of N given W is for n=l,2,...
where H is the distribution of S tor n=l,2,... and H n = 1. n n U Thus the distribution of N is given by Notice that in our case, from our assumption of periodic loading, the Y.
for j=l,2,... are identically distributed. We label the common distribution k n.
This formula is a direct analog of (2.5) stated in terms of mean values and in this form is precise.
We now point out that the same formula (3.12) holds in the case of randomized stresses with the proper interpretation of the notation.
Suppose that during each oscillation of the cycle each of the k distinct loads £..,..., i, may occur at random with probabilities r, ,...,r. , respectively; then we obtain by a similar argument that (3.12) holds but n. now denotes the expected number of oscillations of load i, during the cycle: n, = r.m. Now we note that in both cases, prograraned as '»ell p$ randomized stress, we can write
as an approximate equality since one sees that in fact It can be seen that for any h the expected crack extension during any loading, such as is drawn in Section B of the appendix would be exactly the same if one integrates only along the rise portion, in the manner of (3.15) whether the cycle was reversed or not. This claim is detailed in Section B of the appendix.
However, experimental evidence such as reported in [8] shows that reversing the cyclic order alters the mean crack extension Fignificantly. This effect cannot be accounted for by models using assumption 1°, e.g. as exemplified by (3.15). **n-*mn*u i»««!" **•«■; «MMMfWOMP'-W'^llllillV T -13-
A. A Probabilistic Model II
It is clear that assumption 1° of the preceding section is the one upon which our results depend most heavily but also it is the one that is the most open to question. In fact, careful experimentation shows that it would seem to be false under many conditions, (see [41, [5] ). Thus in order to obtain a model which is consistent with knowledge gained from study of fracture mechanics and metallurgy we make some adaptations in 1° and 2° but throughout this section we assume 3° holds.
We now suppose that the loading is cyclic in the sense of (3. Actually the incremental crack extension per oscillation might well be a function of the total crack length up to that loading including the extension caused by the previous oscillation. However, our assumption in 1' is the more general since we consider the crack length only up to the beginning of the previous cycle and an arbitrary dependence upon the incremental growths since the beginning of that cycle which includes the former as a special case. This assumption that X. is an IFR random variable has been made before and its justification is given by the argument in Section A of the appendix. We subsequently consider several specializations of this very general assumption 1' and examine their consequences.
We first assume 1" The dependence of X is only upon A..
This means the effect of the actual prior incremental crack extensions during that cycle and the total crack size at the beginning of that cycle have no influence on the stochastic behavior of X. and can be neglected. Section A:
Consider a macroscopic crack, within a material which, to fix ideas, we picture as follows:
For a given stress imposed let U be the (random) number of bonds broken (unzippered). Let q. be the probability that the i bond is broken st given that the (i-1) bond is broken and hence p = 1 -q is the probability the i bond is unbroken given the i-1 bond is broken. Of course we assume that the probability that the i bond is broken given that 
